We show that the static and asymptotically flat black hole spacetime is unique to be Schwarzschild spacetime in the dynamical Chern-Simons gravity. In addition, we show that the strictly static spacetimes should be the Minkowski spacetime.
I. INTRODUCTION
Inspired by string theory/loop quantum gravity/particle physics, one may want to consider the dynamical Chern-Simons gravity [1] . Therein the ChernPontryagin term appears as the corrections to the Einstein-Hilbert action. Interestingly, this corrections may imply a gravitational parity-violation. Therefore, one often discusses some observational consequences from this theory [2] . The Chern-Pontryagin term itself is the topological quantity and then it does not affect the field equation in classical level. However if it couples to the scalar fields, it may affect the field equations. This is the case of the dynamical Chern-Simons gravity which we will consider here. In this theory, the Birkhoff theorem does not hold [3, 4] . Nevertheless, it turns out that the Schwarzschild solution satisfies the field equations [5] .
In this paper we address if the Schwarzschild solution is unique in the static spacetimes. In the Einstein gravity, we know that the staticity of lack hole spacetimes implies the spherical symmetry and then the solution is unique to be the Schwarzschild spacetime [6] [7] [8] [9] . As a consequence, we will see that the key line to prove the uniqueness is not changed in the dynamical Chern-Simons gravity. We also see that the strictly static spacetime is the Minkowski spacetime as the Einstein theory [10, 11] . By "strictly static" we mean the presence of the hypersurface orthogonal timelike Killing vector in whole spacetime.
The rest of this paper is organized as follows. In Sec. II, we describe the static spacetimes for the dynamical Chern-Simons gravity. In Sec. III, we will prove the static black hole uniqueness and that the strictly static spacetime should be the Minkowski spacetime. Finally we give a short summary and discussion in Sec. IV.
II. STATIC SPACETIMES IN DYNAMICAL CHERN-SIMONS GRAVITY
The action of the dynamical Chern-Simons gravity is
where α and β are the coupling constants. θ is a scalar field.
where indices µ, ν run over 0, 1, 2, 3, and ǫ µναβ is the Levi-Civita tensor. In this paper we will not consider the potential for θ. Note that our argument in the next section does not hold if the potential is. We will briefly discuss the cases with the mass term of θ in Sec. IV. The field equations are
and
where
In the static spacetimes, the metric is written as
where g ij is the metric of 3-dimensional t = constant surface Σ and indices i, j run over 1, 2, 3. In static spacetimes, the non-trivial components of the Riemann tensor are
Then the Ricci tensor are
R ij and D i are the 3-dimensional Riemann tensor, Ricci tensor and the covariant derivative with respect to g ij , respectively.
In static spacetimes, it is easy to see
In addition,
holds for static spacetimes.
From the field equations we have
III. STATIC BLACK HOLE UNIQUENESS
In this section, following the argument in Ref. [9, 12] , we will address the static black hole uniqueness in the dynamical Chern-Simons gravity. In the static spacetimes with the metric of Eq. (7), the event horizon is located at V = 0. At the spatial infinity, we can choose that V goes to unity, that is, V → 1.
Let us consider the conformal transformation given bỹ
Now we have two manifolds (Σ ± ,g
, it is easy to see that the Arnowitt, Deser and Misner(ADM) mass vanishes. On the other hand, from the asymptotic behaviors, we can see that the spatial infinity is compactified to a point in (Σ − ,g − ij ). At the event horizon, as usual, we impose the regularity of spacetime, that is, the Kretschmann invariant is finite there
, and h ij , k ij and D i are the metric, the extrinsic curvature and the covariant derivative of V = constant surfaces, respectively. In the above we used the following relation
where n i = ρD i V . Then the regularity on the horizon implies
Then we see thatk
. Now we can construct the single manifoldΣ =Σ + ∪Σ − pasting the two manifolds along the V = 0 surface. We can easily see that the Ricci scalar ofg ± ij is non-negative as
Now we can apply the positive mass theorem [13] forΣ and then see that it is flat space. This leads us θ = constant (27) and then C 0i = 0. Now the system is reduced to one following the vacuum Einstein equation. Thus, the static black hole spacetime should be spherical symmetric and then we can see that the spherical symmetric black hole spacetime is the Schwarzschild spacetime [7] [8] [9] 12] .
If one knows the detail of the proof in the Einstein theory with non-linear sigma model [12] or EinsteinMaxwell-dilaton [14] , one may realized that the current proof is basically same with those. But, we note that the system here are different from them.
IV. STRICTLY STATIC SPACETIMES
In this section, we discuss the strictly static spacetime. The volume integral of Eq. (18) implies that the ADM mass vanishes. Since the scalar curvature is nonnegative(See Eq. (19)), the positive mass theorem holds for t = constant surfaces. This implies that t = constant surfaces are flat space. Then Eq. (19) shows us that θ is constant. Thus, Eq. (18) becomes ∆V = 0, where ∆ is the flat Laplacian, and then the regular solution to this is also V = constant. Therefore, we could show that the strictly static spacetimes are the Minkowski spacetime in the dynamical Chern-Simons gravity.
V. SUMMARY AND DISCUSSION
In this short paper, we showed that the static black hole should be unique to be the Schwarzschild spacetime and the strictly static spacetimes are the Minkowski spacetime.
We have a comment on the no scalar hair argument by Bekenstein [15] . It is known that we cannot apply the Bekenstein's treatment into the current cases. But, if the scalar fields has the mass term, we can do. Then we can show θ = 0 and have the same result with the current one.
In this paper we focused on the static spacetimes. One may be interested in the similar issues for the stationary spacetimes. This is left for future works.
